Abstract. We show how the tangent functor extends naturally from ordinary smooth maps to "microformal" (or "thick") morphisms of supermanifolds, a notion that we introduced earlier. Microformal morphisms generalize ordinary maps and they can be seen as formal canonical relations between the cotangent bundles. They are specified by generating functions depending as arguments on coordinates on the source manifold and momentum variables on the target manifold, and which are formal power expansions in momenta. Microformal morphisms act on functions by pullbacks that are non-linear transformations. (The initial motivation that led us to introducing such a notion was constructing L ∞ -morphisms of higher Koszul brackets.) Constructions obtained in this paper give, in particular, non-linear pullbacks of differential forms.
Introduction
In [7, 8, 9 , 10] we introduced and studied a new type of morphisms between (super)manifolds that generalize ordinary smooth maps and whose distinctive feature is that they induce non-linear, in general, pullbacks on functions. More precisely, the pullbacks are formal non-linear differential operators. They are constructed by some iterative procedure. (For ordinary maps, which is a special case, the construction gives the familiar, linear pullbacks.) From algebraic viewpoint, the new type of pullbacks can be described as 'non-linear algebra homomorphisms'. By that we mean smooth maps of algebras as vector spaces, in general non-linear, such that at each point their derivatives are algebra homomorphisms in the usual sense. We proved such a property for our pullbacks. The morphisms that we introduced are called microformal or thick. They are defined by generating functions depending on two groups of variables: local coordinates on the source manifold and components of momentum on the target manifold. Generating functions are formal power series in momentum variables. (The case of strictly linear functions in momenta gives ordinary maps.) Geometrically this corresponds to formal canonical relations between the cotangent bundles. Since the pullbacks induced on smooth functions by thick morphisms are non-linear, they act separately on functions that are even or odd in the Date: 28 September (11 October) 2017.
sense of parity ("bosonic" and "fermionic" fields in physical parlance). So there are two parallel theories, with 'even' and 'odd' thick morphisms, acting on even and odd functions respectively, and whose constructions are based on ordinary cotangent bundles T * M and anticotangent bundles ΠT * M. (Here Π is the parity reversion functor.) This necessarily brief description cannot replace a more detailed introduction to the theory, for which we refer the reader to the above-cited papers and particularly to the introductory section of [10] .
The problem that we solve in the present paper is the extension of the tangent functor T and the antitangent functor ΠT from ordinary smooth maps between (super)manifolds to thick or microformal morphisms of both types (even and odd). Since functions on ΠT M are differential forms Ω(M) in the case of ordinary manifolds, and for supermanifolds they are the Bernstein-Leites pseudodifferential forms, we in particular obtain non-linear pullbacks of forms and on de Rham cohomology.
The crucial role in the main construction is played by natural diffeomorphisms involving the cotangent bundle. They were first discovered by W. M. Tulczyjew [5] in a special case and then by K. C. H. Mackenzie and P. Xu [4] for the general case (also by J.-P. Dufour in an unpublished work). See also [2] . Their version for supermanifolds, in particular involving the parity reversion Π, was established in [6] . We are recalling these diffeomorphisms in the most explicit form best suiting our needs, making a particular stress on the relations between tangent and cotangent bundles with various parity reversed combinations. This takes most of the paper. After these questions are elaborated, the desired application to thick morphisms follows easily.
Notation and terminology: we mostly follow the usage in [10] . The parity (Z 2 -grading) of an object is denoted by the tilde over the corresponding character. For local coordinates, their parities are assigned to the associated tensor indices. We suppress the prefix 'super-' unless it is essential to stress the difference with the non-super case. So we speak about manifolds meaning supermanifolds. Also, we do not stress this specifically, but everywhere an extra Z-grading or weight, which is independent of parity, can be introduced, making manifolds under consideration graded (super)manifolds.
2. Natural diffeomorphisms for (co)tangent bundles. Odd analogs 2.1. Mackenzie-Xu isomorphism and its odd analog. The crucial statement (due to Kirill Mackenzie and Ping Xu [4] for a general vector bundle E and to W. Tulczyjew [5] for E = T M) is as follows. Theorem 1. For a vector bundle E → M, there is a natural diffeomorphism (defined uniquely up to some choice of signs) T * (E) ∼ = T * (E * ) . Depending on a choice of signs, its is a symplectomorphism or antisymplectomorphism of the canonical symplectic structures.
This theorem is best understood in the context of double vector bundles. One can see [2] , [3, Ch. 9 ] that for a vector bundle E → M, the cotangent bundle T * (E) is actually a double vector bundle over M with the side bundles E and E * ,
There is the same double vector bundle structure for E * :
There is some flexibility of signs in how an isomorphism between the double vector bundles (1) and (2) can be defined. The choice of signs in the original definition of Mackenzie-Xu [4] , as well as [2, 3] , is different from used above and leads to an antisymplectomorphism between T * E and T * (E * ) (instead of a symplectomorphism as above). There are advantages for both choices. The choice used here is more convenient for our present purpose because it makes possible to simply identify T * E and T * (E * ), rather than work with an isomorphism. Note that the equality (6) corresponds to Theorem 9.5.2 in [3] .
An odd version of the Mackenzie-Xu diffeomorphism T * E ∼ = T * (E * ) is as follows. Recall that Π is the parity reversion functor (on vector spaces, modules and vector bundles). We use the terminology such as 'antitangent' and 'anticotangent' bundles for ΠT M and ΠT * M. Recall that an anticotangent bundle is endowed with the canonical odd symplectic form.
Theorem 2 ([6]
). For a vector bundle E, there is a natural diffeomorphism (defined up to some signs) ΠT * E ∼ = ΠT * (ΠE * ) . It can be chosen to preserve the canonical odd symplectic structures on the anticotangent bundles.
In the same way as above, the diffeomorphism of ΠT * E and ΠT * (ΠE * ) is best understood as an isomorphism of the double vector bundles
and
(the double vector bundle structures already contain this isomorphism in an implicit form). Denote by ξ i fiber coordinates in ΠE * , so that the odd bilinear form u, ξ * = u i ξ i is invariant. (That means that ξ i are right coordinates and have transformation law ξ i = T i i ′ ξ i ′ , the same as u i . The parity of ξ i isĩ + 1, the opposite to that of u i or u i .) Let x * a , u * i denote the conjugate antimomenta for x a , u i on ΠT * E, and let similarly x * a , ξ * i denote the conjugate antimomenta for x a , ξ i on ΠT * (ΠE * ). (Note that the conjugate antimomenta, by definition, transform exactly as the usual momenta, i.e., as the partial derivatives in the respective variables, and differ only by the opposite parity.) Then the identification of ΠT * E and ΠT * (ΠE * ) goes as follows. On ΠT * E we have the canonical even Liouville 1-form (the familiar Liouville 1-form for cotangent bundles is odd), which we denote λ E ,
Similarly, on ΠT * (ΠE * ) we have
In the same way as above, the variables u * i have the same parity and transform as ξ i ; hence it is possible to set ξ i = u * i , thus defining the top horizontal arrow in (7) . By rearranging (9), we obtain
It follows that we can set ξ * i = −u i (note no dependence on parity), and this completes the identification of ΠT * (ΠE * ) with ΠT * E. The Liouville 1-forms are related by
and the odd symplectic forms coming from the two anticotangent structures coincide :
. Now on T * M as a manifold there is an invariant non-degenerate bilinear form, the canonical symplectic form, which makes it possible to raise and lower tensor induces and in particular to identify the cotangent bundle T * (T * M) with the tangent bundle T (T * M). Combining that with the above isomorphism, we arrive at a natural diffeomorphism
Following [2, 3] we call it the Tulczyjew isomorphism. As above, the Tulczyjew isomorphism is best understood in terms of double vector bundles. The main claim can be put as follows.
Theorem 3.
There is a double vector bundle structure on
and an isomorphism with the double vector bundle
The double vector bundle structure (13) is actually simple; it is given by the tangent prolongation of the bundle projection T * M → M. For any manifold M, local coordinates x a induce fiber coordinatesẋ a on tangent bundle T M (the 'components of velocity'). In particular, for x a , p a on T * M (where p a are the conjugate momenta) we obtainẋ a ,ṗ a as the induced coordinates in the fibers of T (T * M). Note that the transformation laws forẋ a ,ṗ a are obtained by formal differentiation (with respect to the time) of the transformation laws for x a and p a . Hence the vertical and horizontal projections for T (T * M) in coordinates are the obvious maps (
To identify the double vector bundle (13) with the double vector bundle (14) and in particular to identify T (T * M) with the cotangent bundle of T M, consider the Liouville 1-form
By formally differentiating it, we arrive at an invariant 1-form on T (T * M)
(we may think that d and 'dot' commute). From the invariance, immediately follows that the variables p a ,ṗ a on T (T * M) transform under a change of coordinates on M exactly as the partial derivatives inẋ a and x a (in this order). Hence they may be identified with the corresponding conjugate momenta: counterintuitively at the first glance,ṗ a are conjugate to x a and p a are conjugate toẋ a . We can define the 1-form
on T (T * M) as the Liouville 1-form. Its differential ω = dθ T M gives the symplectic form on 
a =ṗ a and p
We gave a direct construction of the Tulczyjew map. One can check that it coincides with the composition of the isomorphisms
The three odd analogs of the Tulczyjew isomorphism.
Consider now the antitangent bundle ΠT M. In the same way as the Tulczyjew isomorphism above, we wish to give a description for the cotangent and anticotangent bundles T * (ΠT M) and ΠT * (ΠT M). Also, we need to supplement the consideration above by a description of ΠT * (T M). We shall start from the latter. As above, the main tool for us will be Liouville 1-forms.
There are the following parallel statements, with parallel proofs.
Theorem 4.
There is a natural identification
It is an isomorphism of the double vector bundles
and in particular endows T (ΠT * M) with a canonical odd symplectic form.
Proof. The stated isomorphism follows from Theorem 2, which gives
combined with rasing indices with the help of the odd symplectic form, 
Using it, we can identify the variablesẋ * a , x * a on T (ΠT * M) with the conjugate antimomenta for x a ,ẋ a , respectively. This gives the desired identification of ΠT * (ΠT * M) and T (ΠT * M), which we shall henceforth write as the equality. The canonical odd symplectic form on
Corollary 2. For a Lagrangian submanifold P ⊂ ΠT * M, its tangent bundle T P ⊂ T (ΠT * M) will be a Lagrangian submanifold of T (ΠT * M) identified with ΠT * (T M).
Proof. Indeed, the odd symplectic form on T (ΠT
Before we proceed to the next two theorems, we need to fix notation. As we know, functions on the antitangent bundle ΠT M are (pseudo)differential forms on a (super)manifold M; we normally use dx a for fiber coordinates on ΠT M induced by local coordinates x a on M. However, now we will have to work with forms on ΠT M itself. That means iterated bundles such as ΠT (ΠT M). A proper notation for these iterations (yielding 'higher differential forms') should use the operators d 1 , d 2 , etc., for each level. Since we do not need to go beyond the second iteration and for the sake of uniformity with the other cases, we shall keep d for denoting forms on ΠT M (which otherwise would be d 2 ) and change d to ∂ (which otherwise would be d 1 ) in the notation such as x a , ∂x a for coordinates on ΠT M . It is worth noting that as odd operators, d and ∂ commute with the minus sign.
Theorem 5. There is a natural identification
It is an isomorphism of double vector bundles
and in particular endows ΠT (ΠT * M) with a canonical even symplectic form.
To get an explicit identification of ΠT (ΠT * M) with T * (ΠT M), consider the (even) Liouville 1-form on ΠT * M, λ M = da a x * a and apply to it ∂, which will give us an odd 1-form on ΠT (ΠT * M),
Here x a , x * a , ∂x a , ∂x * a are coordinates on ΠT (ΠT * M) (the second group, ∂x a , ∂x * a , being the 'odd velocities' corresponding to x a , x * a ). From the invariance of the 1-form (23), which is odd, we conclude that the variables (−1)ã∂x * a , x * a on ΠT (ΠT * M) can be identified with the canonically conjugate momenta for the variables x a , ∂a a (seen as coordinates on ΠT M). Here we have dropped for convenience the common negative sign. Thus we define
as the Liouville 1-form on ΠT (ΠT * M), encapsulating the identification ΠT (ΠT * M) = T * (ΠT M). The canonical even symplectic form on ΠT (ΠT * M) is ω ΠT (ΠT * M ) = dθ ΠT M , which is exactly ∂ω ΠT * M (ω ΠT * M being the odd symplectic form on ΠT * M) .
Corollary 3. For a Lagrangian submanifold P ⊂ ΠT * M with respect to the odd symplectic form ω ΠT * M , its antitangent bundle ΠT P ⊂ ΠT (ΠT * M) will be a Lagrangian submanifold with the respect to the even symplectic form arising from the identification of ΠT (ΠT * M) with T * (ΠT M).
Proof. Indeed, the even symplectic form on ΠT (ΠT
Hence, if ω ΠT * M vanishes on P , then ∂ω ΠT * M vanishes on ΠT P .
Theorem 6. There is a natural identification
and in particular endows ΠT (T * M) with a canonical odd symplectic form.
Proof. Again we have the canonical isomorphism ΠT * (ΠT M) ∼ = ΠT * (T * M) and raising indices with the help of the even symplectic form gives ΠT * (T * M) ∼ = ΠT (T * M). Combined, this yields ΠT * (ΠT M) ∼ = ΠT (T * M) . An explicit identification can be obtained as above. If θ M = dx a p a is the (odd) Liouville 1-form on T * M, we set
as an (even) Liouville 1-form on ΠT (T * M) which introduces the identification ΠT (T * M) = ΠT * (ΠT M) so that the variables (−1)ã∂p a , p a on ΠT (T * M) are identified with the canonically conjugate antimomenta for x a , ∂x a . Then ω ΠT (T * M ) = dλ ΠT M = ∂ω T * M is the odd symplectic form.
Corollary 4. For a Lagrangian submanifold P ⊂ T * M with respect to the even symplectic form ω T * M , its antitangent bundle ΠT P ⊂ ΠT (T * M) will be a Lagrangian submanifold with the respect to the odd symplectic form arising from the identification of ΠT (T * M) with ΠT * (ΠT M).
Proof. Indeed, the odd symplectic form on ΠT (
3. Extension of the tangent and antitangent functors.
Tangent functor (on even and odd thick morphisms).
Our task is to define lifting of a thick morphism between manifolds to the tangent bundles. There are two kinds of thick morphisms, 'even' and 'odd' (suitable for pulling back even and odd functions, respectively). We shall start from the even case. The odd case as well as the case of the antitangent bundles (which we consider in the next subsection) will be a variation of that.
Recall that a thick morphism Φ : M 1 →M 2 is described by an (even) generating function S = S(x; q) depending on position variables x a on the source manifold and momentum variables q i on the target manifold. With respect to the momentum variables, it is a formal power series. A thick morphism can be identified with the formal canonical relation specified by a generating function S, i.e., the Lagrangian submanifold of the product of the cotangent bundles T * M 2 × (−T * M 1 ) given by the equation
That means that
We use the same letter Φ for this relation, but one should remember that the generating function contains more information than the Lagrangian submanifold (defined by dS, while the function S includes a 'constant of integration'). The relation Φ ⊂ T * M 2 × (−T * M 1 ) is formal because S is a formal power series in q i . One should think that we work in the formal neighborhood of the zero section in T * M 2 . In order to extend the tangent functor to thick morphisms from ordinary smooth maps, we shall first analyze the tangent map for an ordinary map ϕ : M 1 → M 2 in the language of relations and generating functions and use this as a model. A map ϕ :
is the coordinate expression of ϕ. With an abuse of language we shall refer to S as the generating function of ϕ. The tangent map T ϕ :
To write down the generating function for T ϕ, recall the identification T * (T M) = T (T * M). We can consider T (T * M 1 ) and T (T * M 2 ) as the cotangent bundles for T M 1 and T M 2 , so thaṫ p a , p a andq i , q i are the conjugate momenta for x a ,ẋ a and y i ,ẏ i , respectively. Proposition 1. For a smooth map ϕ : M 1 → M 2 , the canonical relation R T ϕ corresponding to the tangent map T ϕ : T M 1 → T M 2 is the tangent bundle T R ϕ for the canonical relation R ϕ corresponding to ϕ. Here T R ϕ is regarded as a Lagrangian submanifold of
) . The generating function for T ϕ is the symbolic time derivativė
Proof. The generating function for T ϕ is
(From Corollary 1 we already know that the tangent bundle to a Lagrangian submanifold in T * M will be Lagrangian in T (T * M).) This motivates the following "tautological" definition. Definition 1. For a thick morphism Φ : M 1 →M 2 specified by a generating function S = S(x; q), the tangent thick morphism T Φ : T M 1 →T M 2 is specified as the generating function by the 'time derivative'
As a relation, the tangent thick morphism
is the tangent bundle T Φ to the submanifold Φ ⊂ T * M 2 × (−T * M 1 ) .
Example 1. Let us check directly that the generating functionṠ given by (32) specifies the tangent bundle T Φ, if S specifies Φ. We have, by the definition, equation (29) . By differentiating it formally with respect to t, we obtain
which is equivalent to
The first two terms reproduce the equations specifying Φ, while the other two terms give their prolongation. Altogether we have arrived at equations specifying T Φ as a submanifold in T (T * M 2 ) × T (T * M 1 ). But at the same time, the result of the formal differentiation of equation (29) with respect to t can be re-arranged differently, giving
Sinceq i , q i are the conjugate momenta for y i ,ẏ i andṗ a , p a are the conjugate momenta for x a ,ẋ a (recall (15)), we see it is the equation of the Lagrangian submanifold in T (T * M 2 ) × (−T (T * M 1 )) with the generating functionṠ(x,ẋ;q, q). Hence the claim.
The tangent morphism T Φ possesses the expected properties.
Theorem 7. T Φ is a (thick) morphism of vector bundles, i.e., there is the commutative diagram
Theorem 8. For the composition of thick morphisms,
Everything carries over to odd thick morphisms.
If we have an odd thick morphism Ψ : M 1 ⇒M 2 specified by an odd generating function,
then we define the tangent morphism for Ψ again as an odd morphism:
tautologically as the tangent bundle to the Lagrangian submanifold Ψ ⊂ ΠT * M 2 ×(−ΠT * M 1 ). This is possible due to the canonical isomorphism ΠT
given by Theorem 4 and Corollary 2. The odd generating function for T Ψ is the time derivative of the odd generating function for Ψ :
Analogs of Theorems 7 and 8 hold without surprises. the antitangent morphism ΠT Φ will be the "tautological" odd thick morphism
(the antitangent bundle of Φ; see Corollary 3) and for an odd thick morphism
the antitangent morphism ΠT Ψ will be the "tautological" even thick morphism
(the antitangent bundle of Ψ; see Corollary 4).
The generating functions for ΠT Φ and ΠT Ψ are obtained from the generating functions of Φ and Ψ by the application of the odd operator ∂ : if S = S(x; q) is even and is the generating function for Φ, then S ΠT Φ (x, ∂x; ∂q, q) = ∂S(x, ∂x; ∂q, q) = ∂x a ∂S ∂x a (x; q) + ∂q i
is odd and is the generating function for ΠT Φ as a Lagrangian submanifold in
if S = S(x; y * ) is odd and is the generating function for Ψ, then
is even and is the generating function for ΠT Ψ as a Lagrangian submanifold in
Because of reversing 'parities' of thick morphisms, in this case there cannot be analogs of the commutative diagrams such as (33) and its analog for T Ψ. But the functoriality, i.e., the analogs of Theorem 8, of course holds.
Consequences for differential forms.
Recall that functions on ΠT M are the same as differential forms on M. More precisely, this is literally true when M is an ordinary manifold. When M is a supermanifold, functions on ΠT M are by definition the BernsteinLeites pseudodifferential forms on M. We use the notation Ω(M) (without an indication to degree, which does not exist for pseudodifferential forms), so that C ∞ (ΠT M) = Ω(M) . The de Rham differential on M is a homological vector field on the supermanifold ΠT M. Considered together with it (recall that we have used for it the notation ∂), ΠT M is an example of a Q-manifold.
Let N 1 and N 2 be Q-manifolds. We call an even thick morphism Φ : N 1 →N 2 , a even thick Q-morphism if the odd Hamiltonians H 1 and H 2 corresponding to the vector fields Q 1 for N 1 and Q 2 for N 2 agree on Φ ⊂ T * N 2 × (−T * N 1 ). This is a particular case of the notion of a thick S ∞ -morphism introduced in [7] . It generalizes ordinary Q-morphisms of Q-manifolds and in coordinates is expressed by an equation of Hamilton-Jacobi type, generalizing the ordinary condition of vector fields being related by a map. In a similar way, one can speak about an odd thick Q-morphism Ψ : N 1 ⇒N 2 . In this case, instead of Hamiltonians, one has to associate to homological fields Q 1 on N 1 and Q 2 on N 2 even fiberwise-linear functions on ΠT * N 1 and ΠT * N 2 . (This is a special case of a thick P ∞ -morphism, see [7] .)
The following theorem generalizes to thick morphisms the familiar property of the exterior differential.
Theorem 9. For an arbitrary even thick morphism Φ : M 1 →M 2 , the antitangent morphism ΠT Φ : ΠT M 1 ⇒ΠT M 2 is an odd thick Q-morphism. Likewise, for an arbitrary odd thick morphism Ψ : M 1 ⇒M 2 , the antitangent morphism ΠT Ψ : ΠT M 1 →ΠT M 2 is an even thick Q-morphism.
What follows from here for pullbacks of differential forms? Again it makes sense to consider the more general setting of arbitrary Q-manifolds. Suppose we are given a thick Q-morphism. What should this imply for pullbacks? Since the pullback with respect to a thick morphism is in general non-linear, it is impossible to ask about the commutativity with homological vector fields as linear operators. However, one can treat a homological vector field, which is as an odd linear operator on functions, as a homological vector field on the corresponding infinite-dimensional supermanifold, f → f + εQf . Then one can see that a thick Q-morphism of supermanifolds induces a Q-morphism (in the ordinary sense) of the supermanifolds of functions. (This is analogous to the theorems concerning S ∞ -and P ∞ -structures from [7] .) Such maps preserve the zero loci of the vector fields, as well as the canonical foliations of the zero loci [1] . When we specialize this to forms, we see that thick morphisms induce nonlinear pullbacks of forms which intertwine the exterior differentials (regarded as homological vector fields on infinite-dimensional supermanifolds). The zero loci are precisely the spaces of closed forms and their canonical foliations correspond to cosets modulo exact forms. So as it seems, we have arrived at nonlinear transformations on the de Rham cohomology. This obviously requires further elaboration.
